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INFINITE COMPOSITION OF MOBIUS TRANSE;OPMA‘I‘IONS

John Gill

-

Abstract. A sequence of MGbius transformations

AD 74094

{tr}:;l . which converges to a parabolic or elliptic trans-
formation t, may be employed to generate a second sequence
o .
By 1 i ooooo - i
{‘n‘n=1 by setting T =t t . The convergence behavior
cf {Tr} is investigated and the ensuing results are shown

to apply to continued fractions which are periodic in the

limit.
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INFINITE COMPOSITION OF MOBPIUS TRANSFORMATIONS

John Gill

This paper treats the convergence behavior of sequences
of Mobius transformations {Tn(z)} which are genesrated in
the following way:

Let tn(z) = (anz + bn)/(cnz + dn)' where t = 11m~§n
is either parabolic or elliptic.

set Tl(z) = tl(z), Tn(z) = Tn_l(tn(z)), n=2,3,ce. o

Our approach is essentially the same as that of Magnus
and Mandell [l], who investigated the cases in which the tn
and t are hyperbolic or loxodromic, and in which the tn

and t are all elliptic. They established conditions on the

£ixed points {un} and {vn} of {tn} that insure behavior
of {Tn(z)} very much like that observed in the special case

-,'Eh_z t for ail n [2]. 'c°nvergence'is in the extended piane,

50 that divergence is of an oscillatory nature only.

The present paper consists of results concerning the two
remaining possible combinations of tn and t s
. ¥« t_  any type and: t 'par?bol§c, and 2. t_ p}%}ﬁ@ie
or ‘loxodronmic and t ellipt;c. fﬁe-principle result obtained

Approved for pudlic releases
distribution unlimited,
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in the investigation of case (2) is an extension and sharpening

of the main theorem in [1].

The Parabolic Case. Wa first consider the case in which

t = lim t, is parabolic, with a finite fixed point v. Some
conditionrns on the rates at which u, and Vi approach v

are necessary, as the following example illustrates.

Example 1. Let t = (n/(n+1)]°z + 1, where s =1 + iy,
y #0. Then t =2z + 1, which is parabolic with fixed point

v = », We have

T (2) =2/(a+1)® + L (s) ,

yhere gn(s) is the truncated Riemann-~Zeta function.

It can be shown, [3], p. 235, that gn(s) oscillates
finitely as n -« for the prescribed values of s.

set X(z) = z/(2-1). Then x°l°tn°x(z) = t;(z) and
tn(z) are the same type of transformation, [1], and t* =

- *

X 1otox has the fixed point v = 1. Obviously
* = *o o * —x-lo-r oX '
T (2) =t oe-e0t (2) = ,oX(2)

nas the same convergence behavior as Tn(z).

Theorem 1. Let {t } be a sequence of Mobius transformations

éonverging to a pafaboiic transfQrmation t, having a finite

fixe@ point v. If there exists an ordering of u, ‘and v,
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the fixed points of t, . such that zlun-vnl and znlvn+l"vn!
both converge, then the sequence {Tn(z)} converges in the
extended plane for every 2.

Proof. Assume the t 's and t have been noxmalized so that
ad -bc =ad-bc=1, and that a + d = 2,

nn nn
We first observe that any tn may be written implicitly

1 kn
(1) t (2)=-v =zv_ Y9
n n n
where
1 if t_  is parabolic
n
kn =
a,-c.u
3 —C v if tn is non-parabolic
n onn
and
c if ¢_ 1is parabolic
n n
q, =
kn«l
if t_ is non-parabolic .
v ~u n

It may easily be shown that lim % =1 and lim g, = ¢ £ 0.

Next, we set

v l2) = 1/{z-v ), Kz} =% -z, Q(z} =q - ..
Then
t_(z) = Y_'oQ °K °¥ (2) .
n n n n'n
Set w_(2) = Q °K_ oY oy"l (z) .
n n R n n+l ’

. .
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s, (2) = QvK oY (2}, n = hhtl,... ,

where h will be chosen later.

Thus

-1
Tn(z) = Th-l Yh owho °wh°§n(z) .

Direct computation shows that wh(z) = {p z+qn)/(rnz+1),

wher : =, -vVv_ a = + .
her r, Jril n nd P, k 9%n

We set wh(z)==wh°~-oow (2), and consider the converger.ce

behavior of {Wh°s (=2 )}n =h+l for a fixed value of h.

Let
hz+8h
wh(z) e B_ 1 n n
h
where
h h h
(2) Ah = phAh-l ran-l
h h n
(3) Bn = qhAn-l + Bn-l
h _ h 1
{4) Cn pnch-l + rnDn-l
, h h a2
\ S) Dn had qncn-l + Un-- l .

It follows from {(2) and (2) that
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H
=1l p + Z(0ip, )q + Z(0p. )q qQ Foee
a kl k kl k2 k k

+ X(lp.)g, r, *°°g T, ’
i kl k2 k2j-l sz

wnere h<kl {se<k;,<htm=n, 1<2 < 2j. The g and

r-Jacters alternate, and (ﬂpi) designates finite p-products,

3 2 . =
Tcrna 1. Suppose {r,_H_k }1~l are the r-factors in a term of
Y . -
j -
A_. Then there are no more than s terms having this speciric
h 4
set of r-factors in An . Where s < 1 k, .
- <
i=1
?roof. The proof is by induction on the auxilliary recurrer.ce

o h h h h
A + B and B = A ; .
h+nm Ah+m- n+m h+m-1 h+m Ah+m—-1 v Bh+m-;

We observe that

. = k. +g.r. =1 + (v.-u.
1 i ql i ( i 1)q

.¢ozilz, Dby hypotnesis, fip converges, and therd exXists w

s
ncsitive number M such that hoth  lip.l and S.ii arc iogs
tran X for 1 greater than some¢ he.

Fix ¢ > 0 and choose h so large that tha following

*

conditions are met, in addition to those described above:
.« %
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e}
1 5op.=ii < ¢/2, for n > h, and X mlr. ! < #/M, where
" s 1 r=l ntm

i oomin{l,M,c/{2M%e) }.

Coiisequently, by the preceding remarks snd lsmma 1,

*oon 1 2 1 25

A

-

Mz(l/M)+oo~+Mj+l(2/M)J

<
< e/2 .
Jence
!Ai-lisiipi—llé-e/ff(c

in an entirely similar manner it may be sihiown that

»

ol . .
ic ! < e, for a sufficiently large h.
da

(2) and (3) give

2 k Ah = r AR + r éh
h+m © h4m hem-l | Chemih+m htmel | Chemohtmel

0

A

frox wnich we obtain

(7) al N = (k 1)Ah +r B
h+m Ah+m—1 h+m h+m-1 “h+m h+m
e ol 20t sides ol (7).
. m ot}
n _— A .

n
{ &) A - = X -
e ‘ Py = B (kgm0

(3} gives, upon summing,

———
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1Y = (.
‘9) 3h+m Ch *
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Wwo combine (8) and {(9) to obtain

. ol h m J .
(1) &, =p_ + S (k_ .=1)a . . .+ Zr . + Xq, . A" .}
{1G) 13" - n b . -( h+J ) ﬂ+3-l ) rn+3(‘h .-'?h‘}'l“n-:-l)
j=1 j=1 i=1
. - . R . h,
Taus, from (10), if ;qh+pl < M and lAnz < 3,
, .0 h P .
P &, ) 3ik, -1t + Mir L1143 (m+2)
"Chemtl T Thtm' S T themel i hameit L TIRE2)]
“f + “’; +3 1 1 o
lk’l*ﬂ"k'*'l -1} ¥(m )'rh-!-m-l-l‘]
Tnerxefore
n n
h
2
H+n+n Ah+xr = 1 “hemts Ah+m+1-1
n n -
BF{ Z v, .= u e Z Ambge2) 1 o '
< ‘L o ’ h+p+j h+m+j' _1(m ITE S imas
3— j_-b -

Tne last expression on the right may be made arbitrarily small Ly
choosing n sufficiently large and n a positive integer. “uae

... X cauchy criterion is satisfied and we have

h ,

g lim A_ = #{A,R) » 1 .
r. v’a'll
S.. arly,
I\‘)\ . h__ o’ w) ~
DY lim Cn = C,hY ~ 0 .
n —-w .




it 1s obvious, from ($), that
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siso,
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w
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det w:; = {1 (det w.) = o k.
h 3 y J

n~-2

i, 55 T Y

h J

The nypothesis implies the convergence of this product to

some nurnker cluse to one, as n — =,

NIRRT § YOG OIS P R s et

it

3

h

(14) lim (D;/B;) = 2h 0 .

H ~e

t is now possible to complete the proof of Theoren 1

1]

& ¥ v. We have, from (11), (32), (13, and (14),

(a/305s_(2) + 1

. e . y .
i1im {wgosn(z)} = lim S — = /i .
n PR (3P ¢ . .4 n
2 —c n —~= {C_/B)s_(z}+(D_/B_)
- PES e & re s

i; z) =7 oy, } z2 v .,
nlzman( ) .1 n(l/"h)'

! . ; n
#we davide, numerator and denominator of wnésn(v) by

S“(v) ancd find, after some computation, that

sor
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Corollarv l. Let {tn} be a sequence of normalized Mobius

transfcrmations converging to t, wnich is parabolic andé nas

2
<

th

inite fixed point. 3£ t _(2) = (a_2+b )/(c_z+d ), then
n n n n n

the convergence of tne following four series imply the convez-

A 2
¢cence of ¢ z £ : X + - 411
zence o iTn( )} for every =z nivﬁ(an+1 dn+l) wi

>

- 1. - 5
X =n.a -2 |, Z nic

-c | =nid -4 l.
a4+l n n+tl “n'’ !

n+l n

The following example shows that the hypotheses of

theorem 1, althougn sufficient, are not necessary.

}/EZ + (l“vn)] ]

2
2z = T - - =

. n-l X
wrere v, =0 and v_ = X (-1)"/k for n > 2. Then
=1
iimv_ =v =-log 2, and both tT_ &and t are parabolic. aAa
ea 4é

sicate investigation, somewhat similar to the proof ol

eevem 1, shows that {T (2} converges for every 2z += v.
n

AT - o+ - - ot o~ .ot P
[ e O vt NMOXNT CONL L uel Liw Cadd ol 7.oall

-

o= linm :n ig elliptic.

watesen 2. Let {t } e a seguence of Mobius transformaciorn.

having fixed points {un} and {vn}, chosen so that
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ik i < 1. Let t o= lim t  be an elliptic transfcrmation

having finite fixed points u and v.
(1) 1f Zlun-un_ll { =, Elvn-vn_ll <= and i -0,

then {T (2)} converg2s for every 2 except perhaps u = V.

(ii) I£ Zlu-u .1 < e, Zive-v, .l < and mik,!

converges, then {Tn(z)} diverges by oscillation for 2z # u,v

and converges to distinct values for 2z =u and z = V.

Proof. Set Yn(z) = (z~un)/(z-vn), Kh(Z) = knz. thZ) =

‘-l - YT - >0
I‘:n--.?.oyn-l“Yz‘x (2}, Sn(z) - knoin(z)’ and w::(z) = wh° °wn-l(z)
Az 4 Bﬁ
= x; = . Then
Cz + D
n n
t {z) = ¥y 1ok o¥ (2)
n n n n ’
and

-1
'.rn(z) = Thulqh °whn°sn(z) R

As Dpeafore, wn(z) = (pnz+<;n)/(rnz+1), where Py =

k ("Jn +1-@n) / (vn-un +1) ., etc.

vle choose a positive ¢ and find an h such that
n .
"L~ % op.i < ¢ and !c:;i e for n > h. Thus nléi"» S5

--:i - J . e

XB2)x 0 and lim Dp = 4(D,b) % L.
I ~ -] *
The following formula is established:by induction:.

h n n-2 n h h
{15) 2y mfilp.+ S {0 p.)r B +2B .
e m+lm n n=1




11
n n

We obsexve that nip.l lkjl‘ n (l+sj), where Elsjl £ =,
L

Therefore, in case (i), lpjl -0, as n — o, The three terms

in {15) tend to zero, as n —«, Hence, lim A}; = 0. In

} o~ ®

n

=1

R 3 n
n

n

2

e e - . h
simiiax fashion, lim & = 0.
N —-®

Consequently,

S — "‘1 s h -1 ‘!BQ"‘L‘_
L Ta(2) = T gy e WLS,(20) = T Y Eo0n)

for =z % v.

i u
IR L e S e S AR L il B Yt g
! i & eIk A
# o o i 2
A R A A I T P IR A REPTATIR,

T@c hypotheses of case (ii), and the observed behavior oi
the coefficients of wﬁ provide a straightforward prcof of

the next lemma.

PR,

T

Lemma 2. For a fixed z # v, there exist finite numbers M

rr

znd h such that h > h

0 0 ¢ n>h, m2> h-l1 imply

E g Y h
.snxz;f <M and l-rn(z)-vmi > lu=v]/4(1M).

The following formula may be established by induction on

. 1 1
%] n, using (1) and the fact that = +
= b tnﬂ(z} Ya t"n-b).(:") Vael
| Va~Vni ,
Ce g BV (g (2= )
. L]
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i2
n
Mk,
. s S i Vel
1
e v, *Vn o 2y v ) (27 2y v )
n h B won i
n-1 m k -1
+ 2 (k) R
msh-1 h m+l” omtl
h-1
wheze NLk_=1.
w3

We may rewrite (16) in the form

n
. (;’;kj) (Z-un)
{(i7; = =
Tn(z) --vh (z-vn) (vn-un)
n-lm v -V
m nm+l
+ I (k.)
37 emtl, +1, . _
O SR ¢ i € B R L C il € B
n-l1m v -Vv_ 4 u =u .
+ = (ij) m+l M m m+l
htl h (v (vm+1-um+1)
-1
+ ?1. - v fh -
e A TS Mike ¥5 1
Set
n n n
1 k. =exp(i £5.) 10 Ix.1 ,
r R 3 n 3
™ = F— -——-Z—.B-—-— - 3 ’
F = F(2) = (ome) (voa) R = {Flsin(19°1/4), where
arg k = 9 = 0'(mod 2n1), 16’1 < m. . .

We choose h so large that the following conditions are

satisfied, in addition to previous stipulations:
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i3

Z-1
n

* Tz=v )(v ~u. )

(18) lfll < R/6, where F + f

k-1 X 1

(19) |£,! < R/6, where — - = £, 4 —=—
2 " Ve e 2 WV
n
{20) i;3l < min{1l,R/6|F!}, where nik.| =1 + &
. h J 3

2
(21) T lv . -v | ¢ Rlvzul

h Vo1V 96(1+M)2
: 2
, Riv-ul
{22) ;:3 !um_l-uml <_~48
(23) !v-u!>h’“', m>h-1l.

Then, from {17), we cbtain

{24) 5 1 = ,plexp i(axgP + 2: 2] } - 4 E(h,n) ,
Tn(z)'vh h

waeze |[H(h,n)] < R.

The sum of the farst two terms of (24) is a point on a

. . 1 .
circle C with center —— and radius |{fl. Hence —
-V n‘ﬁ"
- TRl2) =V,

iies in a disc U(h,m) =T r2>dius R with center g, on c.
R hnas deen chosen so that three tangent discs of radius R
with centers on C can ba constructed if the centers of the

two end discs are separated by a central angle of 8'.

~




1

diverges by oscilla-

Clearly, the seguence z s
n=n
Tn(z) ~Vyi

. . h . R
tion, so that {Tn(z)} :=h must do likewise. The pattern of

Givergence bears a close resenblance to that observed when

t,‘ =t “or all n. In this special case
L = |Flexp{i(argF + nf)] O Sy
Tr(z)-v u-v

Convergence at z = u is easily establighed, since
s_!(u) —~ 0. We return to the beginning of the proof of case
(ii) and interchange the u_l.'s ana vn‘s, in orxder to show

&

converxgence at 2z = v. The development in [1] can be para-

phraseé to show that 1lim Tn(u) ¥ lim 'rn(v) .

Corollary 2. If the transfomations tn converge to the

elliptic transformation t, where ::nndn - bncn =ad~bc=1

and Elan-an_ll, Elbn-bn.li, b cn-cn_ll, and S!dn-dn__l!
ail converge, then {'rn(z)}

(i) converges for 2z ¢ v, if nkn -0

(ii) diverges for z # u,v, and converges to distinct
vaiues at u ané v, if mkni converges.

Continued fractions may be interpreted as compésitions oi

¥obius transformations, and may be written sc as to display

-R_V
nn

the fixed points. Set trx(z) "W . to obtain

s

2t o K i e e Db & Bk SIS e 1

“u i




iE ey LR
) ”'}“1 i YA PN

r”‘n;'n “qun,\whm

x‘?‘?

b

g AR
R 10 B

"I‘\"“.f‘h;‘d"‘l‘ﬂl‘.ﬂ.ﬂ‘,‘,’,m‘\;' !4',‘“‘\1"““”‘”"' ng¢ Wd«"‘f RN L i i

Pt

TS TN I R =S
T, SRS R S T
e JM%s;ﬁ‘ﬁ{% s EE& FEESES i

s o

5
-,V -,V

_ 11 272

(25) —wrwﬁ +-{utv,) + e,

whose ntn approximant is Tn(O).

The following two examples are applications of theore

1 and 2 to continued fracticns which are periodic in the limit.

Example 3. Let u = lun!exp(ian), v, = lv lexp(i¢ ), where
limlunl = limlvn! =¢c %0, lim an =8, lim ¢n =4,
* - > ’ - u -
6 % $(mod ). Then limk = lzm!;:]expiz(an-q;n)] =k =
exp[i(9-6}}, so tnat i

t is elliptic, Theorem «, case (i)

guarantees th convevgence of (25), provided )un} and !vn!
are chosen so that Fl-J —~0, (e.g., lu | =

n2 ‘. !vnl =
1 .
h —
1 + n) .
=eancle 4. Let un =C + ‘n ‘ vn =cCc + 6n . Wwhere 1lim €, =
N S S N SN : ; g
a, = -3 nz ‘. vn =-3 + 5 . Then & is parabolie, ana

n

orem 1 insures tne convergence of (25).
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